Based on a Set Pair Analysis (SPA), the water eutrophication levels of Caiputai, Shaochedian, Wangjiazhai, Guangdianzhangzhuang, Zaolinzhuang, Duancun and Nanliuzhuang in Baiyangdian Lake were evaluated with five indices, including chemical oxygen demand (COD), total nitrogen (TN), total phosphorus, secchi disk depth (SD) and chlorophyll-a concentration. In the SPA model, the Classification Standard of Lake Eutrophication and evaluation indices of monitoring sites in Baiyangdian Lake were considered as a set pair, and the eutrophication levels of monitoring sites were depicted by a five-element connection degree. Our results demonstrated that the key limiting factors that caused eutrophication were TN, COD and SD. According to the principle of the maximum membership degree and the analysis of the set pair situation, we concluded that Nanliuzhuang experienced hypereutrophy, Zaolinzhuang eutrophy, and the others upper-mesotrophy. Furthermore, the water quality of the seven observation spots was, from better to worse, Caiputai, Duancun, Wangjiazhai, Shaochedian, Guangdianzhangzhuang, Zaolinzhuang and Nanliuzhuang. The SPA adequately deals with the uncertainty problem in the eutrophication evaluation, and our evaluation results can be directly applied to lake restoration and treatment efforts.
Introduction
Lakes are the main source of inland freshwater, and the lake eutrophication is becoming an increasingly serious environmental problem. In recent years, the lake eutrophication control has become an urgent task in the water resources protection and water safety management field. Under these circumstances, effective eutrophication control requires the reasonable assessment of the lake eutrophication levels and identification of the primary limiting factors.
A number of methods have been applied to evaluate the state of the lake eutrophication, such as the comprehensive trophic level index method [1] , the grey clustering method [2] , the artificial neural network method [3] , and the projection pursuit method [4] . However, due to the complexity of ecosystems and the fuzzy uncertainty of influencing factors, the aforementioned models have some limitations. For example, the comprehensive trophic level index method determines the water eutrophication level in a specific and discrete state [5] . Similarly, both the grey clustering and artificial neural network methods have low evaluation precision. In addition, the projection pursuit method calculates weights according to discrete characteristics of a sample set of evaluation indices [4] . Essentially, the lake eutrophication evaluation is a decision process that combines certain evaluation criteria with uncertain evaluation factors and weights [6] . In contrast, the Set Pair Analysis (SPA) method, which considers both certainties and uncertainties as an integrated certain-uncertain system, depicts fuzzy uncertainty problems from three aspects (identity, discrepancy, and contrary) based on the connection degree formula. Recently, the SPA has been widely used in the field of water resources evaluation and management [7] [8] [9] .
As the largest and the most typical lacustrine watershed, Baiyangdian Lake (also known as the "Pearl of North China") has a major influence on the ecosystems of northern China. Therefore, an accurate and scientific evaluation of its water eutrophication state is of great significance to the remediation and treatment of Baiyangdian Lake. Given this, the SPA was used for eutrophication evaluation to determine the current water quality level and the key limiting factors, which will provide a scientific basis for the prevention and treatment of Baiyangdian Lake's eutrophication.
Basic theory and extensions of SPA
The SPA is a new development in uncertainty theory, the core procedure of which is to bring together set A and set B to form a certain-uncertain system as Set Pair H under defined certain circumstances, as well as to analyze features of H from three aspects (identity, discrepancy, and contrary) based on the connection degree formula. In this way, the dialectical understanding of uncertainty among things can be changed into a simple arithmetical operation. The definition of the connection degree is presented in Eq.
(1):
where  is the connection degree, i is the uncertainty coefficient, j is the contrary coefficient, a , b , and c are identity, discrepancy, and contrary (respectively), and 1 a b c   .
In Eq. (1),  divides the state-space into three elements. According to an actual research demand, the connection degree can be extended from three elements to four or five and so on. Then, the multi-element connection degree can be written as follows: 
On the basis of SPA theory, the value of each connection weight i a and the set pair situation are analyzed, and thus, the connection between set A and set B can be determined.
Eutrophication evaluation method based on SPA of Baiyangdian Lake
According to the Classification Standard of Lake Eutrophication in China [2] , there are six different trophic levels within a lake environment: oligotrophy, lower-mesotrophy, mesotrophy, upper-mesotrophy, eutrophy and hypereutrophy. Comparing the monitoring data from multiple years with the classification standard, none of the indices were in the oligotrophic state. To simplify the evaluating process, the trophic classification standard can be reduced to five levels: lower-mesotrophy (I), mesotrophy (II), uppermesotrophy (III), eutrophy (IV), and hypereutrophy (V). When evaluating water eutrophication with the SPA, Set A is the evaluating indices of monitoring sites, while set B is the evaluating standard. We combined set A and set B to form Set Pair H and analyzed the eutrophication levels of monitoring sites via a five-element connection degree using Eq. (4):
where ' m  is the connection degree of the m th monitoring site, N is the total number of features, and j S is the number of evaluation indices that belong to the j th eutrophication level. On the basis of SPA theory, the value of each connection weight j a calculated with Eq. (4) and the set pair situation were analyzed, and the water trophic state of the monitoring sites could then be determined. To further compare values between single evaluation indices and the eutrophication standard, a membership function was established to quantitatively describe the relationship from the three aspects of identity, discrepancy, and contrary. The single index to describe the eutrophication degree can be divided into cost-type and benefit-type indices. The former indicates that the larger the attribute value is, the higher the level of eutrophication is, while the latter is the opposite. The connection degree formulas are represented as Eqs. (5) and (6), respectively:
Cost-type index:
Benefit-type index:
where j T is the standard limit of the j th degree, x represents the monitoring value reflecting the water eutrophication state, and k denotes the k th evaluation index.
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The connection degree of the single index reflecting the water eutrophication state can be calculated using Eqs. (5) and (6) . With the equal index weight, the integrated weighted average connection degree can be calculated by the connection number algorithm as follows:
where n is the number of evaluation indices. The comprehensive connection degree of the monitoring spot based on the SPA can be obtained by applying Eqs. (4) and (7) and normalized data processing. On the basis of the principle of the maximum membership degree and the table of set pair situations, the eutrophication state of a lake can be synthetically analyzed, and the water quality level is determined.
Case study

Establishment of the evaluation index system and standards
Based on water flow characteristics in Baiyangdian Lake and the divisions of the pollution zone [10] , seven monitoring spots were chosen: Caiputai, Shaochedian, Wangjiazhai, Guangdianzhangzhuang, Zaolinzhuang, Duancun and Nanliuzhuang. Based on the monitoring data and the Classification Standard of Lake Eutrophication in China [2] (Table 1) , five indices were applied to quantitatively describe the eutrophication state: chemical oxygen demand (COD), total nitrogen (TN), total phosphorus (TP), secchi disk depth (SD) and chlorophyll-a concentration (Chl-a). The monitoring data from the study area from December 2008 were listed in Table 2 . 
The average connection degree  was obtained using Eq. (6) 
The comprehensive connection degree Cai  of Caiputai based on the SPA was obtained by the application of Eqs. (7) and (4), and normalized data processing used Eq. (10): Table 3 . According to the principle of the maximum membership degree, the water eutrophication level was determined (Table 3) . 
Eutrophication analysis of monitoring sites
Overall, Baiyangdian Lake can be described as upper-mesotrophic, with main TN, COD and SD indices exceeding the standards. Nanliuzhuang was hypereutrophic and had the highest eutrophication level of the seven evaluation sites. Each index in Nanliuzhuang was eutrophic, but more seriously, the TN level was nearly threefold greater than the eutrophication standard. There were two main reasons for the serious eutrophication at Nanliuzhuang: 1) the Fuhe River, one of the most important pollution sources, badly influenced the water quality in Nanliuzhuang; and 2) random discharge of domestic sewage and aquaculture wastewater deteriorated the water quality severely.
The water quality at Zaolinzhuang was eutrophic, which was better than that at Nanliuzhuang, with the main COD and SD indices exceeding the standards. Based on the pollutant resources and the spatial distributions of the pollution zone in Baiyangdian Lake, Zaolinzhuang (as the only water outlet) was seriously influenced by the water quality in the Baiyangdian watershed. Though the degree of eutrophication was normally reduced during water flow, the water quality at Zaolinzhuang was worse than any other monitoring site except Nanliuzhuang.
Though Shaochedian, Wangjiazhai, Caiputai, Guangdianzhangzhuang and Duancun were all uppermesotrophic, their individual eutrophication states were slightly different with unequal membership degrees. Because values belonging to the first and fifth grades were zero, the five-element connection degree can be simplified to three elements, and our results were shown in Table 4 for the SPA with the three-element connection degree [11] . The connection of Caiputai displayed a weak identical trend with a > c，b ≥ a, while those of the other monitoring sites display mini-different trends with a < c，b > c. Therefore, the water quality at Caiputai was better than at the other sites. In view of the different degrees of membership to the second standard, the water quality of the four observation spots with the minidifferent trend, from the better to worse, was Duancun, Wangjiazhai, Shaochedian and Guangdianzhangzhuang. 
Conclusions
The SPA theory was applied for eutrophication evaluation of Baiyangdian Lake, which solved the problem of uncertainty in the eutrophication elevation. The five-element connection degrees of seven monitoring sites were calculated with five indices: COD, TN, TP, SD and Chl-a. Then, the connection degrees were analyzed based on the principle of the maximum membership and the set pair situation. Our results demonstrated that the eutrophication states of the seven study sites, from lowest to highest, were Caiputai, Duancun, Wangjiazhai, Shaochedian, Guangdianzhangzhuang, Zaolinzhuang and Nanliuzhuang. These results closely corresponded with the actual eutrophication state at the sites. It was proved that an SPA model based on uncertainty theory was an effective evaluation method for the lake eutrophication because it considered relativity and fuzziness during data processing. Our evaluation results were accurate and can directly aid in lake restoration and treatment.
